ABSTRACT. A four-dimensional macroeconomic model of a small open economy under fixed exchange rates is investigated. The model describes the development of national income, capital stock, interest rate and money stock. Sufficient conditions for the existence of an invariant torus are given. A numerical example illustrating the gained results is presented.
Introduction
In [4] 
where Y -net real national income, K-real physical capital stock, R-nominal rate of interest of domestic country, M -nominal money stock, I-net real private investment expenditure on physical capital, G-real government expenditure (fixed), S-savings, T -real income tax, J-net exports in real terms, ρ-exchange rate (the value of a unit of foreign currency in terms of domestic currency), L-liquidity preference function, R f -nominal rate of interest of foreign country (fixed), α, β, γ-positive parameters, t-time and
The economic properties of the functions in (1) are expressed by the following partial derivatives
The model deals with a small economy, what means that economic processes in this economy have negligible influence on those in the region with which it is connected through inter-regional trade and inter-regional capital movement (this region we call a foreign country).
Parameter α can take small values as income Y reacts rather slow to the changes of the functions involved in the model, while parameters β and γ can take large values as interest rate and money stock react to the changes of the functions very quickly. This knowledge about possible values of parameters α, β and γ will be used in the analysis of the model.
The model can be utilized at the forecasting of the development of basic macroeconomic processes as well as at the regulation of them in a favorable direction. It can be used for Slovakia within Eurozone (Eurozone can be looked at as the extreme case of economies with fixed exchange rates).
Remark 1º Model (1) can be looked at as an expansion of Schinasi's three--dimensional model of a closed economy [6] 
Bifurcation analysis
We assume the following form of the functions in model (1):
where 
Suppose model (4) has the unique positive equilibrium
for every positive γ.
Remark 2º Sufficient conditions for the existence of a positive equilibrium can be found in [4] .
Let us transform the equilibrium E * (γ) into the origin
Then model (4) obtains the forṁ
The Jacobian matrix A = A(α, β, γ) of (5) at the equilibrium E * 1 is
where
dY .
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The characteristic equation of A(α, β, γ) has the form
Ò Ø ÓÒ 1º A triple (α 0 , β 0 , γ 0 ) of parameters α, β, γ is called the critical triple of model (5), if matrix A = A(α 0 , β 0 , γ 0 ) has two pairs of purely imaginary eigenvalues
The following statement on the existence of a critical triple, which is the necessary condition for a birth of a torus, was proved in [5] .
Then the triple of parameters (α 0 , β 0 , γ 0 ), where
is the critical triple of model (5).
Consider now a critical triple (α 0 , β 0 , γ 0 ), which existence is guaranteed by Lemma 1. Fix β 0 , γ 0 and investigate model (5) on the interval (α 0 − ε, α 0 + ε), ε > 0. Performing the Taylor expansion of the right-hand sides of (5) at E * 1 , and transforming parameter α 0 to zero by shifting α 1 = α − α 0 we geṫ
, A is Jacobian matrix,X is the nonlinear part of the model.
T , we obtaiṅ
" means complex conjugate expression in the whole paper).
The following theorem gives the partial normal form of model (8) including the formulae for the calculation of its resonant coefficients.
T are nonlinear polynomials with constant coefficients of the kind
which transforms model (8) to its partial normal forṁ
The resonant coefficients δ 1 , δ 2 , δ 3 , σ 1 , σ 2 , σ 3 , in (9) are determined by the formulae
where all derivatives are calculated at , j = 1, 2, 3, 4, and the resonant terms δ 1 , δ 2 , δ 3 , σ 1 , σ 2 , σ 3 , can be found by the standard procedure, which is described, e.g., in [2] . As the whole process of finding them is rather elaborated and longwinded, we do not present it here.
In polar coordinates 
The equation
is the bifurcation equation of model (10). Suppose that det A = 0. Denote the solution of (11) as
and consider the matrix
By [3, Theorem 1, p. 25], we can formulate the following statement on sufficient conditions for the existence of a torus in the model. Ì ÓÖ Ñ 2º Suppose that the coordinates w 1 , w 2 have the same sign. If the eigenvalues of matrix P are not purely imaginary, then model (10) has an invariant torus for every α 1 ∈ (0, ε) if w 1 > 0, and for every α 1 ∈ (−ε, 0) if w 1 < 0, where ε is sufficiently small. The torus is given by equations
, where f 1 , f 2 are continuous functions with respect to ϕ 1 , ϕ 2 , α 1 for arbitrary ϕ 1 , ϕ 2 and α 1 ∈ (0, ε), resp. α 1 ∈ (−ε, 0), and 2π-periodic in ϕ 1 , ϕ 2 .
Numerical example
Consider the functions
and assume the constants G = 12, R f = 0.001. Then model (4) has the forṁ
The equilibrium E * of (12) depends on parameter γ. For γ 0 = 10 6 the equilibrium is (Y * = 64, K * = 20, R * = 0.0099946, M * = 7).
Let us verify the conditions of Lemma 1:
(1) i 2 l 3 − s 3 = 10 · 10 − 100 = 0 ≥ 0; (2) l 3 A + f 3Y (i 3 + s 3 ) = 10 · − 
